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be cambered and twisted in such a way that the desired lift
distribution is obtained for a given speed, altitude, and load
factor, the ASW requires a considerably larger amount of
twist than the FSW. Consequently, the ASW will experience
larger drag penalties in off-design conditions. Aeroelastic
tailoring can, of course, alleviate this problem in that the
elastic wash-out occurring on the ASW when lift is increased
can partly compensate the corresponding aerodynamic wash-
in. However, aerodynamic/elastic matching can be obtained
at only one particular equivalent airspeed.

Conclusion
When vortex drag is minimized for a given wing weight a

nonelliptical spanwise lift distribution form is obtained that
shows reduced loading on the outer wing and correspondingly
increased wing loading at the root. This distribution form
produces 5% less vortex drag than the elliptical distribution.
The forward-swept trapezoidal plane wing with a taper ratio
of 0.2 and - 30 deg leading-edge sweep has a lift distribution
very close to the optimum distribution form, while the lift
distribution of the corresponding aft-swept wing differs
considerably from this. The ASW will, therefore, experience a
higher deterioration of the spanwise lift distribution at off-
design conditions. In contrast, an untwisted FSW fitted with
an aeroisoclinic behavior3 will exhibit an almost ideal lift
distribution at all subsonic points of the flight envelope.
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Glauert1 was one of the first who studied the shape of a
towing wire. The case of a very light wire was investigated by
Landweber and Protter.2 The inclusion of wave propagation
in towing came later, e.g., see Narkis.3 Genin, Citron, and
Huffman4 considered dynamic stress caused by a variable
force applied to the towed body.

Theory
Consider a towing vehicle which first travels at a constant

velocity and then accelerates to a higher constant velocity.
The towing wire is characterized by its density p, Young's
modulus E, cross-sectional area A, and length L. The towed
body is characterized by its mass m.

A reference frame moving with the original constant
velocity of the towing vehicle is used. The longitudinal
displacement in the wire is denoted by u(x,t), where x is the
position and t the time. Thus, the velocities appearing in this
Note are velocities in excess of the original vehicle velocity.
Also, the stress is dynamic stress in excess of the original static
stress. The dynamic stress o = Edu/dx is related to the particle
velocity v = du/dt by

(1)

(2)

The particle velocity satisfies the wave equation

82v/dt2=c2d2v/dx2

Dynamic Stress in a Towing Wire
due to Forced Acceleration

where c= (E/p) 1/2 is the elastic wave speed.
Initially, the wire is free from dynamic stress and at rest in

the moving reference frame. Thus, the initial conditions are

o(x,0)=Q, v(x,0)=0, d v ( x , 0 ) / d t = 0, 0<x<L (3)

The dynamic stress at the towed end is related to the velocity
of the towed body through Newton's second law. Also, the
velocity at the towing end is the same as the velocity VT of the
towing vehicle. Thus, the boundary conditions are

mdv(0,t)/dt=Aa(0,t), v(L,t) =vT(t), t>0 (4)

The following dimensionless parameters are convenient to
introduce here:

C. Matuk*
University ofLulea, Lulea, Sweden

Introduction

W IRES used to tow bodies in air or water occasionally
break. The reason is often a combination of static and

dynamic stresses which causes the total stress to reach the
tensile strength somewhere in a wire. The static stress is due to
gravity and aerodynamic or hydrodynamic drag, and reaches
its maximum at the towing end. The dynamic stress can be
caused by accelerations of the towing vehicle. In this Note
dynamic stress due to such accelerations is studied in the case
of rectilinear motion (see Fig. 1).

The diameter of the wire is small compared to the wave-
lengths of the dominant Fourier components of the elastic
waves. Also, internal friction in the wire is neglected. Thus,
the one-dimensional wave equation applies. The towed body
is represented by a rigid mass.
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r = t/T0, V=v/v0,

\=T0/t0, S = <j/a0

= VT/VO

(5)

where T0 = L/c is the transit time for a wave through the wire
and M=pAL is the mass of the wire. t0 is the time during
which the towing vehicle accelerates and v0 is the final vel-
ocity increase. Also, a0=m(v0/t0) IA is defined as reference
stress. IJL ca'n be interpreted as a dimensionless mass of the
towed body and X as a dimensionless length of the wire.

Equations (5) are used to make Eqs. (1-4) dimensionless.
Laplace transformation [£{/(£,r) j =/(£,£)] then gives

(6)

(7)

(8)sV(0,s)=\S(0,s),

The solution of Eqs. (6) and (7), with the boundary conditions
in Eqs. (8), gives the Laplace transform S of the dynamic
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Fig. 1 Model of towing system.

Fig. 2 Sm as a function of
H and A (a) and a0 as a
function of t0 for different
values of vm in a particular
towing case (b)
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The dynamic state of stress S(%,T) depends only on the
towed mass /* and the wire length X. Three-dimensional
surfaces S = S (£, r), also presented in Ref. 5, were computed
for values of n and X around unity, which are common in
practical situations. In all of the cases studied, the maximum
dynamic stress Sm occurred at the towing end £ = 1, a result
which is not evident beforehand. A summary of these results
is presented in Fig. 2a in which Sm is shown vs /x and X. Sm is
large for short wire lengths X because many reflexions of the
wave front occur at the towed body and the towing vehicle
before the acceleration is ended.

A linear elastic spring can be used as an approximate model
for a short wire. The maximum dynamic stress according to
this model is Sm = 2(1 + l//x). This result agrees with the result
in Fig. 2a for small values of \, which provides a check of the
numerical results.

The results of Fig. 2a can be applied to different practical
cases. Consider a towing case in which the wire is of high-
strength steel (aw = 2000 MPa, p = 7.8x!03 kg/m3, and
E = 200 GPa) and has dimensions L = 6.4 km and A = 1 mm2 ,
and the towed body has mass m = 50 kg. For this case we use
the curve with ^ = 1 in Fig. 2a to obtain Fig. 2b. In the latter,
combinations of towing vehicle acceleration a0 and accelera-
tion time t0 which give rise to different maximum dynamic
stresses crm are shown.

Conclusions
The model in this Note represents a rectilinear wire without

damping. In reality, when the towing vehicle travels in a
horizontal straight path, the wire adopts a curved shape.
Also, damping occurs in the material of the wire and in the
interaction between the wire and the surrounding medium.
Curved shape and damping tend to reduce the value of the
maximum dynamic stress Sm compared with the value ob-
tained here. Therefore Fig. 2 can be considered as a con-
servative estimate which should have practical use.

Maximum static stress and maximum dynamic stress occur
at the towing end. Thus, the maximum total stress occurs at
the towing end.

Failure occurs if om in Fig. 2b exceeds the difference be-
tween the tensile strength ou of the wire and the static stress at
the towing end. Notice in particular the horizontal asymp-
totes. They imply that there is no risk of failure if the ac-
celeration is below a critical value regardless of the duration
of the acceleration.

(9)
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Application to a Rectangular Acceleration Pulse
Let the acceleration of the towing vehicle be a rectangular

pulse with amplitude a0 — v0/t0 and duration t0. The cor-
responding velocity in dimensionless form can be expressed as

VT(T)=
T,

1, 7 / X < r (10)

The reference stress o0 represents the stress caused by the
acceleration pulse in a massless wire. The dimensionless
dynamic stress S=a/o0 due to this acceleration pulse is ob-
tained by substitution of the velocity [Eq. (10)] into the
Laplace inversion of Eq. (9). The mathematical details are
presented in Ref. 5.
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